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Abstract
We consider the growth of the action for black hole spacetime with a fundamental
string. Our interest is to find the difference of the behavior between black holes with
three different topologies in the scenario of complexity-action conjecture. These black
holes have positive, negative and zero curvatures. We would like to calculate the action
growth of these system with a probe fundamental string according to the complexity-
action conjecture. We find that for the case where the black holes have the toroidal
horizon structure this probe string behaves very differently from the other two cases.
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1 Introduction
The AdS/CFT correspondence is an important concept in recent theoretical physics
[1, 2, 3]. By means of this correspondence, the strong coupling region of gauge theories
can be studied by means of gravity method with small coupling method, and vice versa.
It will help both for gravitational and gauge theories. Then it is interesting to find a
new example of such a correspondence.
One interesting method of this correspondence is the relation between a fundamental
string motion in AdS spacetime and the drag force [4, 5]. In these works they added
a probe string on the AdS spacetime. An edge of the string is interpreted as a test
particle on the dual gauge theory which lives on the infinite boundary of the AdS
1koichi.nagasaki24@gmail.com
1
ar
X
iv
:1
91
2.
03
56
7v
2 
 [h
ep
-th
]  
27
 Ju
l 2
02
0
spacetime. This is related to the energy loss of the particle in the quark gluon plasma
[6, 7, 8, 9, 10, 11].
A motivation to consider such probe strings is that nonlocal objects are useful to
find a new property of the AdS/CFT correspondence, for example in our past work [12],
where we confirmed an example of the correspondence between gravity and the gauge
sides through a non-local object. Examples of nonlocal objects are Wilson loops, ’t
Hooft operators, and so on. Especially the string we consider in this paper corresponds
to the Wilson loop. By the equation of motion of the string, we will find the embedding
of the fundamental string in black hole spacetime and calculate the action. As explained
later, there is a conjecture which relates this action to an important quantity to shed
the light on the black hole physics.
I would like to explain one more motivation to study non-local operators in black
hole spacetime. In theoretical physics, black holes are expected as the fastest scrambler
to perform a kind of calculation [13, 14, 15, 16]. To quantify such a freedom, recent
physics supposes a new quantity. It is “complexity” [17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27]. It has a similar property to entropy as an increasing function of time
[28, 29, 30]. Roughly speaking, it counts the number of gates which is needed to cause
the quantum development to a given state. In quantum field theory, complexity is
studied recently and this definition is revealed in many works [31, 32, 33, 34, 23, 35, 36,
37, 38, 39, 40, 41, 42, 27, 43, 44, 45, 46, 47, 48]. Geometrical approaches are also studied
[49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61]. In this sense, complexity is thought
to be a geodesic on the circuit space where gates live. Since holographic complexity
is known to have nonlocal properties [62, 63, 62, 64, 65], the nonlocal object will be
essential to study the properties of complexity. Complexity of systems with nonlocal
operators such as “Wilson loops” are studied also in our past works [66, 67, 68].
Related to the AdS/CFT correspondence, some interesting conjectures for complex-
ity is proposed recently. A reliable candidate is complexity-action (CA) conjecture
[69, 70, 71, 72, 73, 74, 75]. Its modified version is reported in [76]. This conjecture
asserts the equivalence between complexity and the action calculated in a subspace of
the bulk region called “Wheeler DeWitt patch” (WDW). This is the region bounded
by null surfaces anchored at the given boundary time. Complexity is expected to be
a tool for solving many problems of black holes which includes firewalls, information
paradox and so on [77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95,
96, 97, 98, 99, 100, 101]. By this motivation, this conjecture is studied in the various
spacetime geometries in many works [102, 85, 86, 103, 104, 105, 106, 107, 108, 109, 110,
111, 112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128,
129, 130, 131, 132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146,
147, 148, 149, 150, 151, 152, 153].
We consider in this paper the two sided black holes which exist in AdS spacetime
and this spacetime has two conformal field theories on the left and the right side of the
AdS boundaries. It is the most studied case for holographic method for black holes.
The Penrose diagram of these black holes is depicted in Figure 1. In this figure the
horizontal axis represents the radial direction and the vertical axis is the time direction.
In this figure the WDW patch anchored at left time tL (the blue region) develops to
another patch by time δt. The difference of these two region comes from the regions
1,2,3 and 4 in the figure. As time go on, the region 1 and 2 disappear end the region
3 and 4 emerge. As explained in Figure 2 of [70], the contribution from the region 1
is neglected at late times and the contributions from 2 and 3 cancel. Therefore to find
the growth of the action on the WDW we only have to integrate the Lagrangian in the
region 4 which is bounded by the black hole horizon on the outside and the singularity.
For the transverse geometry of the Penrose diagram, we can take three different
types. These are distinguished by the curvature and the metric is given in (3). We
call these spacetime with different topologies “topological black holes.” The topological
2
Figure 1: Penrose diagram of the AdS black holes: there are two CFTs on the left and the
right sides. The WDW patch shaded in blue at time tL develops to another patch in time δt.
The two diagonal lines represent the black hole horizon. The dashed lines on the upper side
and the lower side are singularity. The dotted line on the right side is a fundamental string.
black holes are objects which have interesting applications while hardly studied so far
[154, 155, 156, 157, 158, 159]. In this paper we would like to focus on these black holes
and find the difference between these topologies.
This paper is organized as follows: In Section 2 we begin with static black hole
spacetime with positive, negative and zero curvatures. We solve the equations of motion
and find the action growth which is obtained by the integration over the WDW patch.
These do not develop in time so no interpretation for the drag force but apposite
example for introducing our method of calculation. In Section 3 we consider the rotating
topological black holes. In Section 4 we conclude this paper by summarizing the results
and some discussion.
2 Static topological black holes
In this section we consider a fundamental string on the static black hole spacetime.
Here the black holes have three different horizon structure whose curvatures are positive,
negative or zero. We consider the black hole space time which is asymptotically AdSd+1.
The metric is described by [154, 155, 156, 72]
ds2d+1 = −fk(r)dt2 +
dr2
fk(r)
+ r2dΣ2k,d−1, (1)
where the metric function f(r) is defined by
fk(r) = k − 2m
rd−2
+
r2
`2
. (2)
In the above parameter k = ±1, 0 distinguishes the topology of the horizon: these are
the (d − 1)-dimensional sphere, hyperboloid and torus. The mass parameter and the
AdS radius are denoted by m and `, respectively. In the following we appropriately
rescale the radial coordinate r and put ` = 1. The angular part dΣk,d−1 is the metric
on the (d− 1)-dimensional Einstein space:
k = 1 sphere (S) : dΣ2+1,d−1 = dθ2 + sin2 θ dΩ2d−2, θ ∈ [0, pi], (3a)
k = −1 hyperbolic (H) : dΣ2−1,d−1 = dθ2 + sinh2 θ dΩ2d−2, θ ∈ [0,∞), (3b)
k = 0 torus (T) : dΣ20,d−1 = dθ2 + θ2dΩ2d−2, θ ∈ [0, 1]. (3c)
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where for the toroidal case coordinate θ is periodic.
2.1 Action calculation
We consider a static string fixed at θ = θ0 on the boundary. By changing variables,
y = 1/r, the metric is
ds2d+1 =
1
y2
(
− gk(y)dt2 + dy
2
gk(y)
+ dΣ2k,d−1
)
, (4)
gk(y) = y
2fk(1/y) = 1 + ky
2 − 2myd. (5)
In the previous works [67, 68], we considered a string with constant angular velocity
around the equator of the sphere. However on the hyperbolic space or torus geometry,
there is no such a stationary motion.
Thus we consider here the case where the string is static. This string is not moving
then there is not interpretation for the drag force. However in the next section we
introduce the angular momentum of the black holes. In this situation the string can
occur the drag force. In this section we then treat the static string and black holes as a
simple exercise before dealing with the complicated calculation for rotating black holes.
The string worldsheet (τ, σ) is embedded as
t = τ, y = σ, θ = θ(σ); σ ∈ [0,∞). (6)
The induced metric is
ds2ind =
1
σ2
(
− gk(σ)dτ2 +
( 1
gk(σ)
+ θ′(σ)2
)
dσ2
)
. (7)
Note that dΩd−2 part in (3) vanished since the string does not have the angular mo-
mentum and the difference between three topologies appears via only the function gk.
The action consists of the gravitational terms for the black hole and the Nambu-
Goto (NG) term for the probe string. The effect of the string to the system is expressed
by this NG action
SNG = Tstr
∫
dτdσL(σ), (8)
where
L(σ) =
√
−gind(σ) = 1
σ2
√
1 + gk(σ)θ′(σ)2. (9)
The equation of motion for θ(σ) is
d
dσ
[
1
σ2
gk(σ)θ
′(σ)√
1 + gk(σ)θ′(σ)2
]
= 0. (10)
It can be integrated easily and gives
1
σ2
gk(σ)θ
′(σ)√
1 + gk(σ)θ′(σ)2
= c, (11)
with integration constant c. The above equation is solved for θ′(σ) as
θ′(σ) =
√
c2σ4
gk(σ)(gk(σ)− c2σ4) . (12)
This denominator of the inside of the square root becomes zero outside of the horizon
where gk − c2σ4 = 0 while the numerator is non-negative if c > 0. Then the only
possibility that the string penetrates the horizon is c = 0 and in this case θ = const.
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Figure 2: Mass and action growth: d = 3
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Figure 3: Mass and action growth: d = 4
WDW action Let us calculate the NG action for Wheeler DeWitt patch in this
case. For θ′ = 0 the Lagrangian is simplified as L = 1/σ2. To find the growth rate of
the action we integrate it inside of the horizon, namely, y is integrated from yh := 1/rh
(horizon radius) to the infinity. Then the NG action becomes
1
Tstr
dSNG
dt
=
∫ ∞
yh
dσ
σ2
=
1
yh
= rh. (13)
It tells the action growth rate is determined by the location of the horizon rh:
gk(yh) = 1 + ky
2
h − 2mydh = 0. (14)
The mass dependence is plotted for 3 and 4 dimensions in Figure 2 and Figure 3. A
remarkable point is that there is a non-trivial contribution even in massless case for
hyperbolic black holes, as we can see from Equation (14): 0 = g−1(yh)|m=0 = 1 − y2h.
There exists a non-trivial solution: yh = 1.
3 Rotating topological black holes
Rotating topological black holes are shown in [160]. The geometries of the (d + 1)-
dimensional rotating black hole with one rotational parameter a are classified into
three cases by the curvature k. For k = 1, the spacetime has the spherical horizon:
ds2KAS = −
∆r
ρ2
(
dt− a
Ξ
sin2 θdφ
)2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ sin
2 θ
ρ2
(
adt− r
2 + a2
Ξ
dφ
)2
+ r2 cos2 θdΩ21,d−2, (15)
∆r := (r
2 + a2)(r2 + 1)− 2m
rd−4
, ∆θ := 1− a2 cos2 θ,
ρ2 := r2 + a2 cos2 θ, Ξ := 1− a2,
where in subscript “KA” denotes Kerr-AdS and “S” means sphere. For the other two
cases in the same way we denote them by ds2KAH and ds
2
KAT. For k = −1, the spacetime
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has the hyperbolic topology:
ds2KAH = −
∆r
ρ2
(
dt+
a
Ξ
sinh2 θdφ
)2
+
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+
∆θ sinh
2 θ
ρ2
(
adt− r
2 + a2
Ξ
dφ
)2
+ r2 cosh2 θdΩ2−1,d−2, (16)
∆r := (r
2 + a2)(r2 − 1)− 2m
rd−4
, ∆θ := 1 + a
2 cosh2 θ,
ρ2 := r2 + a2 cosh2 θ, Ξ := 1 + a2.
For k = 0, the spacetime has the toroidal topology:
ds2KAT = −N2dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 +
Σ2
ρ2
(dφ− ωdt)2 + r2dΩ20,d−2, (17)
∆r := a
2 − 2m
rd−4
+ r4, ∆θ := 1 + a
2θ4,
ρ2 := r2 + a2θ2,
Σ2 := r4∆θ − a2θ4∆r, ω := aθ
2∆r + r
2∆θ
Σ2
, N2 :=
ρ2∆θ∆r
Σ2
.
In each case, the parameter a corresponds to the angular momentum per unit mass of
the black hole as can been seen in ω in the torus case. In a → 0 limit, these surely
reproduce the static black holes as follows. The factors of the metric become in this
limit,
Sphere(S)/hyperbolic(H) : ∆r → r2(r2 ± 1)− 2m
rd−4
= r2f(r), ∆θ → 1, ρ2 → r2,
Ξ→ 1, (18a)
Torus(T) : ∆r → r4 − 2m
rd−4
= r2f(r), ∆θ → 1, ρ2 → r2,
Σ2 → r4, ω → 0, N2 → r
4 − 2m/rd−4
r2
= f(r).
(18b)
Then the time and radial parts become −f(r)dt2 + dr2/f(r) for all three cases and the
angular part is
S : r2dθ2 + r2 sin2 θdφ2 + r2 cos2 θdΩ21,d−3, (19a)
H : r2dθ2 + r2 sinh2 θdφ2 + r2 cosh2 θdΩ2−1,d−3, (19b)
T : r2dθ2 + r2dφ2 + r2dΩ20,d−3. (19c)
These are equal to the metric times radius r shown in (3), respectively. For example,
on three-sphere
∑3
i=0 x
2
i = 1, if we choose spherical coordinates
x0 = r cosψ, x1 = r sinψ cos θ, x2 = r sinψ sin θ cosϕ, x3 = r sinψ sin θ sinϕ, (20)
the metric is
ds2S3 = r
2(dψ2 + sin2 ψds2S2). (21)
On the other hand, if we choose the Hopf coordinates,
x0 = cos ξ1 sin η, x1 = sin ξ1 sin η, x2 = cos ξ2 cos η, x3 = sin ξ2 cos η, (22)
the same metric represented as
ds2S3 = dη
2 + sin2 η dξ21 + cos
2 η dξ22 . (23)
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On the hyperbolic case, we can find the similar coordinates by changing sinψ → sinhψ
and sinh η → sinh η from the sphere case. For the torus case, the metric (3) is the
expression by the polar coordinate with radial direction θ and (19) is the expression by
the ordinary flat metric. Then we confirm the equivalence between the previous metric
(3) and the present case (19) and thus these Kerr-AdS metric recover the static cases
(1) in zero angular momentum limit.
The location of the horizon is depicted in the following figures (Figure 4, Figure 5
and Figure 6). In all cases the horizon radii become small compared with the static
black holes.
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Figure 4: Mass and the horizon (S): d = 4
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3.1 Spherical case
The metric is, if there is no spherical term (we consider a case where the string moves
around the equator parametrized by φ),
ds2KAS = −
∆r −∆θa2 sin2 θ
ρ2
dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2
+ 2
∆r −∆θ(r2 + a2)
ρ2Ξ
a sin2 θdtdφ+
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
ρ2Ξ2
sin2 θdφ2.
(24)
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Taking the same assumption as before (6), the induced metric on worldsheet (t = τ ,
r = r(σ), θ = θ(σ) and φ = φ(σ)) is
ds2KAS|ind = −
∆r −∆θa2 sin2 θ
ρ2
dτ2
+
( ρ2
∆r
r′2 +
ρ2
∆θ
θ′2 +
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
ρ2Ξ2
φ′2 sin2 θ
)
dσ2
+ 2
∆r −∆θ(r2 + a2)
ρ2Ξ
aφ′ sin2 θdτdσ. (25)
Then the NG action is
1
Tstr
dSNG
dt
=
∫
dσ
√
(∆r −∆θa2 sin2 θ)
( r′2
∆r
+
θ′2
∆θ
)
+
∆r∆θ
Ξ2
φ′2 sin2 θ, (26)
where as before the integral region is the inside of the horizon. Changing the variables
by y = 1/r,
1
Tstr
dSNG
dt
=
∫
dσ
√
(∆r −∆θa2 sin2 θ)
( y′2
y4∆r
+
θ′2
∆θ
)
+
∆r∆θ
Ξ2
φ′2 sin2 θ. (27)
For notational convenience, we define the following functions.
∆y := y
4∆r=1/y = (1 + a
2y2)(1 + y2)− 2myd, (28a)
Θ := ∆y − a2y4 sin2 θ∆θ, (28b)
T :=
∆y∆θ
Ξ2
sin2 θ. (28c)
The action becomes
1
Tstr
dSNG
dt
=
∫
dσLS, LS = L
y2
, L =
√
Θ
( y′2
∆y
+
θ′2
∆θ
)
+ Tφ′2. (29)
The equations of motion are
y′′ − y′ d
dσ
logL+ y′
d
dσ
log
( Θ
y2∆y
)
+
∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
= 0, (30a)
θ′′ − θ′ d
dσ
logL+ θ′
d
dσ
log
( Θ
y2∆θ
)
− ∆θ
2Θ
∂L2
∂θ
= 0, (30b)
φ′′ − φ′ d
dσ
logL+ φ′
d
dσ
log
( T
y2
)
= 0. (30c)
We choose the gauge y′2/∆y + θ′2/∆θ = 1 where L =
√
Θ + Tφ′2. Then the
derivative of L is
L′ =
1
2L
(Θ′ + T ′φ′2 + 2Tφ′φ′′) = LA+
T
L
φ′φ′′,
A :=
1
2L2
(y′∂∆y − 4a2y3y′∆θ sin2 θ − a2y4θ′∂θ(∆θ sin2 θ) + T ′φ′2). (31)
In the matrix form the equations are summarized as1 −Ty′φ′/L21 −Tθ′φ′/L2
1− Tφ′2/L2
y′′θ′′
φ′′
 =
y′A+ y′By + Cyθ′A+ θ′Bθ + Cθ
φ′A+ φ′Bφ
 , (32)
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where we defined
By := − d
dσ
log
( Θ
y2∆y
)
, Bθ := − d
dσ
log
( Θ
y2∆θ
)
, Bφ := − d
dσ
log
( T
y2
)
, (33a)
Cy := −∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
, Cθ :=
∆θ
2Θ
∂L2
∂θ
. (33b)
By multiplying the inverse matrix, the equation is solved for the second derivative
terms:y′′θ′′
φ′′
 = 1
1− Tφ′2/L2
1− Tφ′2/L2 0 Ty′φ′/L20 1− Tφ′2/L2 Tθ′φ′/L2
0 0 1
y′A+ y′By + Cyθ′A+ θ′Bθ + Cθ
φ′A+ φ′Bφ
 .
(34)
In the above the each factor is
By =
2y′
y
− Θ
′
Θ
+
y′∂∆y
∆y
, Bθ =
2y′
y
− Θ
′
Θ
+
θ′∂∆θ
∆θ
, Bφ =
2y′
y
− T
′
T
, (35a)
Cy = −∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
, Cθ =
∆θ
2Θ
∂L2
∂θ
, (35b)
Θ′ = y′∂∆y − 4a2y3y′ sin2 θ∆θ − a2y4θ′∂(sin2 θ∆θ), (35c)
T ′
T
=
y′∂∆y
∆y
+
θ′∂(sin2 θ∆θ)
(sin2 θ∆θ)
, (35d)
∂∆y = 4a
2y3 + 2(a2 + 1)y − 2dmyd−1, ∂∆θ = a2 sin(2θ), (35e)
∂(sin2 θ∆θ) = sin(2θ)(1− a2 cos(2θ)). (35f)
and
∂L2
∂y
=
∂
∂y
(Θ + Tφ′2) =
(
1 +
sin2 θ∆θ
Ξ2
φ′2
)
∂∆y − 4a2y3 sin2 θ∆θ, (36a)
∂L2
∂θ
=
∂
∂θ
(Θ + Tφ′2) =
(
− a2y4 + ∆y
Ξ2
φ′2
)
∂(sin2 θ∆θ). (36b)
Boundary condition The boundary condition is by the Neumann boundary con-
dition dθ/dy = dφ/dy = 0 and by the gauge condition y′2/∆y + θ′2/∆θ = 1 at y = 0,
1 = y′2 +
θ′2
1− a2 cos2 θ0 , ∴ (y, θ, φ, y
′, θ′, φ′) y→0→ (0, θ0, 0, 1, 0, 0). (37)
The results are plotted in 4-dimensional case. Figure 7 represents the mass depen-
dence for fixed angular momentum a = 0.5. The boundary condition for θ is θ(0) = pi/4.
We found the string does not penetrate the horizon in this case. For example, yh = 0.62
for mass m = 5 and yh = 0.39 for mass m = 25.
The angular momentum dependence is plotted in Figure 8.
WDW action For θ0 = 0 the action is
1
Tstr
dSNG
dt
=
∫ ∞
yh
dy
y2
=
1
yh
=: x, (38)
where yh is determined by
∆y(yh) = (1 + a
2y2h)(1 + y
2
h)− 2mydh = 0. (39)
For d = 4, by solving x4 + (1 + a2)x2 − (2m− a2) = 0, (x > 0),
1
Tstr
dSNG
dt
=
(−(1 + a2) +√(1 + a2)2 + 4(2m− a2)
2
)1/2
. (40)
The mass dependence of the action are plotted in Figure 9.
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3.2 Hyperbolic case
The metric is, if there is not spherical term,
ds2KAH = −
∆r −∆θa2 sinh2 θ
ρ2
dt2 +
ρ2
∆r
dr2 +
ρ2
∆θ
dθ2 − 2∆r + ∆θ(r
2 + a2)
ρ2Ξ
a sinh2 θdtdφ
+
∆θ(r
2 + a2)2 −∆ra2 sinh2 θ
ρ2Ξ2
sinh2 θdφ2. (41)
On the worldsheet (t = τ, r = r(σ), θ = θ(σ) and φ = φ(σ)), the induced metric is
ds2KAH|ind = −
∆r −∆θa2 sinh2 θ
ρ2
dτ2
+
( ρ2
∆r
r′2 +
ρ2
∆θ
θ′2 +
∆θ(r
2 + a2)2 −∆ra2 sinh2 θ
ρ2Ξ2
sinh2 θφ′2
)
dσ2
− 2∆r + ∆θ(r
2 + a2)
ρ2Ξ
aφ′ sinh2 θdτdσ. (42)
The Lagrangian is, by changing variables y = 1/r,
1
Tstr
dSNG
dt
=
∫
dσ
√
(∆r −∆θa2 sinh2 θ)
( r′2
∆r
+
θ′2
∆θ
)
+
∆r∆θ
Ξ2
φ′2 sinh2 θ
=
∫
dσ
√
(∆r −∆θa2 sinh2 θ)
( 1
y4
y′2
∆r
+
θ′2
∆θ
)
+
∆r∆θ
Ξ2
φ′2 sinh2 θ. (43)
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For later convenience, we define
1
Tstr
dSNG
dt
=
∫
dσLH, LH = L
y2
,
L :=
√
(∆y −∆θa2y4 sinh2 θ)
( y′2
∆y
+
θ′2
∆θ
)
+
∆y∆θ
Ξ2
φ′2 sinh2 θ. (44)
In the same way as the spherical case, we define
L =
√
Θ
( y′2
∆y
+
θ′2
∆θ
)
+ Tφ′2, (45a)
Θ := ∆y − a2y4 sinh2 θ∆θ, T := ∆y∆θ
Ξ2
sinh2 θ, (45b)
∆y := (1 + a
2y2)(1− y2)− 2myd, ∆θ := 1 + a cosh2 θ. (45c)
The equations of motion are
y′′ − y′ d
dσ
logL+ y′
d
dσ
log
( Θ
y2∆y
)
+
∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
= 0, (46a)
θ′′ − θ′ d
dσ
logL+ θ′
d
dσ
log
( Θ
y2∆θ
)
− ∆θ
2Θ
∂L2
∂θ
= 0, (46b)
φ′′ − φ′ d
dσ
logL+ φ′
d
dσ
log
( T
y2
)
= 0. (46c)
We choose the gauge y′2/∆y + θ′2/∆θ = 1, L =
√
Θ + Tφ′2. Then the derivative of L
is
L′ = LA+
T
L
φ′φ′′, (47)
A :=
1
2L2
(y′∂∆y − 4a2y3y′∆θ sinh2 θ − a2y4θ′∂θ(∆θ sinh2 θ) + T ′φ′2), (48)
where we defined
By := − d
dσ
log
( Θ
y2∆y
)
, Bθ := − d
dσ
log
( Θ
y2∆θ
)
, Bφ := − d
dσ
log
( T
y2
)
, (49a)
Cy := −∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
, Cθ :=
∆θ
2Θ
∂L2
∂θ
. (49b)
These are explicitly
By =
2y′
y
− Θ
′
Θ
+
y′∂∆y
∆y
, Bθ =
2y′
y
− Θ
′
Θ
+
θ′∂∆θ
∆θ
, Bφ =
2y′
y
− T
′
T
. (50)
In the above
Θ′ = y′∂∆y − 4a2y3y′ sinh2 θ∆θ − a2y4θ′∂(sinh2 θ∆θ), (51a)
T ′
T
=
y′∂∆y
∆y
+
θ′∂(sinh2 θ∆θ)
(sinh2 θ∆θ)
, (51b)
∂∆y = −4a2y3 + 2(a2 − 1)y − 2dmyd−1, (51c)
∂∆θ = a
2 sinh(2θ), (51d)
∂(sinh2 θ∆θ) = sinh(2θ)(1 + a
2 cosh(2θ)), (51e)
and
∂L2
∂y
=
∂
∂y
(Θ + Tφ′2) =
(
1 +
sinh2 θ∆θ
Ξ2
φ′2
)
∂∆y − 4a2y3 sinh2 θ∆θ, (52a)
∂L2
∂θ
=
∂
∂θ
(Θ + Tφ′2) =
(
− a2y4 + ∆y
Ξ2
φ′2
)
∂(sinh2 θ∆θ) (52b)
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In the matrix form the equations are1 −Ty′φ′/L21 −Tθ′φ′/L2
1− Tφ′2/L2
y′′θ′′
φ′′
 =
y′A+ y′By + Cyθ′A+ θ′Bθ + Cθ
φ′A+ φ′Bφ
 . (53)
By multiplying the inverse matrix, these equations can be solved for the second deriva-
tive terms in the same way as the spherical casey′′θ′′
φ′′
 = 1
1− Tφ′2/L2
1− Tφ′2/L2 0 Ty′φ′/L20 1− Tφ′2/L2 Tθ′φ′/L2
0 0 1
y′A+ y′By + Cyθ′A+ θ′Bθ + Cθ
φ′A+ φ′Bφ
 ,
(54)
where the coefficients are replaced with (49).
Boundary condition The boundary condition is by the Neumann boudary condi-
tion dθ/dy = dφ/dy = 0 and by the gauge condition y′2/∆y + θ′2/∆θ = 1 at y = 0,
1 = y′2 +
θ′2
1 + a2 cosh2 θ0
, ∴ (y, θ, φ, y′, θ′, φ′) y→0→ (0, θ0, 0, 1, 0, 0). (55)
The results for 4-dimension are plotted in the following figures. Figure 10 represents
the mass dependence. For example, the location of the horizon is yh = 0.53 for m = 5
and yh = 0.37 for m = 25. The angular momentum dependence is plotted in Figure 11.
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Figure 10: Mass dependence of the string em-
bedding (H, θ0 = pi/4)
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Comparing Figure 7 and Figure 10 for mass dependence and Figure 8 and Figure
11 for angular momentum dependence, we can see the string is more affected in the
hyperbolic case.
WDW action For θ0 = 0 the action is
1
Tstr
dSNG
dt
=
∫ ∞
yh
dy
y2
=
1
yh
=: x, (56)
where yh is determined by
∆y(yh) = (1 + a
2y2h)(1− y2h)− 2mydh = 0. (57)
For d = 4, by solving x4 − (1− a2)x2 − (2m+ a2) = 0, (x > 0),
1
Tstr
dSNG
dt
=
(
(1− a2) +√(1− a2)2 + 4(2m+ a2)
2
)1/2
. (58)
The mass dependence for different angular momentums are plotted in Figure 12.
3.3 Toroidal case
The induced metric of the toroidal rotating black hole is, if the spherical part is zero,
ds2KAT|ind = −
(
N2 − Σ
2ω2
ρ2
)
dτ2 +
( ρ2
∆r
r′2 +
ρ2
∆θ
θ′2 +
Σ2
ρ2
φ′2
)
dσ2 − 2ωΣ
2φ′
ρ2
dτdσ. (59)
In the above we used
ρ2 := r2 + a2θ2, ∆θ := 1 + a
2θ4, ∆r := a
2 − 2m+ r4, (60a)
Σ2 := r4∆θ − a2θ4∆r, ω := a∆rθ
2 + r2∆θ
Σ2
, N2 =
ρ2∆θ∆r
Σ2
. (60b)
The action is
1
Tstr
dSNG
dt
=
∫
dσLT, LT =
√( ρ4
Σ2
∆θ − ω
2Σ2
∆r
)
r′2 +
( ρ4
Σ2
∆r − ω
2Σ2
∆θ
)
θ′2 + ∆r∆θφ′2.
(61)
where the first and the second terms have the common factor
ρ4∆r∆θ − ω2Σ4 = (r2 + a2θ2)2∆r∆θ − a2(θ2∆r + r2∆θ)2 = (∆r − a2∆θ)Σ2. (62)
Therefore,
LT =
√
∆r − a2∆θ
∆r
r′2 +
∆r − a2∆θ
∆θ
θ′2 + ∆r∆θφ′2. (63)
Changing variables by y = 1/r,
1
Tstr
dSNG
dt
=
∫
dσLT, LT = L
y2
, (64a)
L :=
√
(∆y − a2y4∆θ)
( y′2
∆y
+
θ′2
∆θ
)
+ ∆y∆θφ′2. (64b)
It is convenience to define the following:
L =
√
Θ
( y′2
∆y
+
θ′2
∆θ
)
+ Tφ′2, (65a)
Θ = ∆y − a2y4∆θ, T = ∆y∆θ, (65b)
∆θ = 1 + a
2θ4, ∆y = a
2y4 − 2my3 + 1. (65c)
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The equations of motion are
y′′ − y′ d
dσ
logL+ y′
d
dσ
log
( Θ
y2∆y
)
+
∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
= 0, (66a)
θ′′ − θ′ d
dσ
logL+ θ′
d
dσ
log
( Θ
y2∆θ
)
− ∆θ
2Θ
∂L2
∂θ
= 0, (66b)
φ′′ − φ′ d
dσ
logL+ φ′
d
dσ
log
( T
y2
)
= 0. (66c)
In the matrix notation the equations are the same form as beforey′′θ′′
φ′′
 = 1
1− Tφ′2/L2
1− Tφ′2/L2 0 Ty′φ′/L20 1− Tφ′2/L2 Tθ′φ′/L2
0 0 1
y′A+ y′By + Cyθ′A+ θ′Bθ + Cθ
φ′A+ φ′Bφ
 ,
(67)
where the coefficients are replaced with
A :=
1
2L2
(y′∂∆y − 4a2y3y′∆θ − a2y4θ′∂∆θ + T ′φ′2), (68a)
By :=
2y′
y
− Θ
′
Θ
+
y′∂∆y
∆y
, Bθ :=
2y′
y
− Θ
′
Θ
+
θ′∂∆θ
∆θ
, Bφ :=
2y′
y
− T
′
T
, (68b)
Cy := −∆y
Θ
(2L2
y
− 1
2
∂L2
∂y
)
, Cθ :=
∆θ
2Θ
∂L2
∂θ
. (68c)
In the above
Θ′ = y′∂∆y − 4a2y3y′∆θ − a2y4θ′∂∆θ, (69a)
T ′
T
=
y′∂∆y
∆y
+
θ′∂∆θ
∆θ
, (69b)
∂∆y = 4a
2y3 − 6my2, (69c)
∂∆θ = 4a
2θ3, (69d)
and
∂L2
∂y
=
∂
∂y
(Θ + Tφ′2) = (1 + ∆θφ′2)∂∆y − 4a2y3∆θ, (70a)
∂L2
∂θ
=
∂
∂θ
(Θ + Tφ′2) = (−a2y4 + ∆yφ′2)∂∆θ. (70b)
Boundary condition The boundary condition is by the Neumann boudary condi-
tion dθ/dy = dφ/dy = 0 and by the gauge condition y′2/∆y + θ′2/∆θ = 1 at y = 0,
1 = y′2 +
θ′2
1 + a2θ40
, ∴ (y, θ, φ, y′, θ′, φ′) y→0→ (0, θ0, 0, 1, 0, 0). (71)
Figure 13 represents the mass dependence. For example, yh = 0.47 for m = 5 and
yh = 0.27 for m = 25. The angular momentum dependence is plotted in Figure 14.
For θ0 = 0 the action growth is
dSNG
dt
=
1
2piα′
∫ ∞
yh
dy
y2
√
1− a
2y4
∆y
=
1
2piα′
∫ ∞
yh
dy
y2
√
1− 2my3
1− 2my3 + a2y4 . (72)
In the square root the numerator is less than the denominator for non zero a. Then it
cannot penetrate the horizon for a 6= 0.
Comparing Figure 7 and Figure 13 for mass dependence and Figure 8 and Figure 14
for angular momentum dependence, we can see the string is tend to receive more effect
than sphere and hyperbolic cases as seen for small masses or large angular momentum.
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4 Discussion
In this paper we found the behavior of the fundamental strings in black hole spacetime
with three different horizon structures. In (1) the curvature parameter k distinguishes
these cases: k = 1 is the spherical horizon case, k = −1 is the hyperbolic case and
k = 0 is the toroidal horizon case.
First in Section 2 we studied the static black holes and found that the constant
solution θ′ = 0 is only able to approach the horizon for all cases (k = ±1, 0). The growth
of the Nambu-Goto (NG) action on the Wheeler DeWitt (WDW) is proportional to the
horizon radius. Only for the hyperbolic black holes, there is a non-trivial contribution
even for zero-mass, where the metric function g−1(r) has a zero point rh = 1.
For rotating topological black holes, the behavior of the strings are summarized in
Figure 15. In this figure, the dashed lines represent the strings which bend and do
not extend to the interior of the horizon. As we found in the calculation, such strings
approach the AdS boundary at non-zero altitude angle θ 6= 0 for the spherical and the
hyperbolic cases. In the left and the middle panels the dotted lines are strings which
attach the boundary at θ = 0. It is the only case where the string can penetrate the
horizon of the black holes. A remarkable point is that there is not such a solution
for toroidal case (the right panel). For the toroidal case, the string can penetrate the
horizon only if the black hole is not rotating.
For spherical k = 1 and hyperbolic k = −1 cases, there exist solutions which
penetrate the horizon if the strings attach the boundary at θ0 = 0. In these cases
we obtained the WDW action. Figure 9 and Figure 12 say the growth of the action is
an increasing function of mass and the angular momentum has the negative contribution
to it.
For toroidal case, k = 0, we found that there exists the string solution which pen-
etrates the horizon only for zero angular momentum a = 0. In this case the effect of
the fundamental string to the growth of the action is given in Figure 2 and Figure 3
(k = 0) in Section 2. This is also an increasing function of mass.
Let us see the holographic interpretation of these spacetimes. In the holographic
gauge theory, the fundamental string we considered in this paper is interpreted as a non-
local gauge theory object, “a Wilson loop.” The edge of the string at the AdS boundary
is a test particle with infinite mass. Therefore we conclude that for the spherical and
the hyperbolic horizon black holes there is a possibility that there are two particles or
one particle on the AdS boundary while for the toroidal horizon case, there are always
two particles on the dual gauge theory which are edges of one fundamental string.
Finally let us discuss a condition which any physical system must satisfy. For the
15
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<latexit sha1_base64="eFBurUqGLf5HXCUGujO2Pb7HxJg=">AAACH3icZVDLbhMxFPWUVwm vAEs2FhESi2g0KaM+FpWqsmFZJNJWaqLozs2dxoofI/sOUjTKb7AtfE13iG1/BuFJAyJwJNtH595rH5+i0ipwlt0kW3fu3rv/YPth59HjJ0+fdZ+/OA2u9khDdNr58wICaWVpyIo1nVeewBSazor 5+7Z+9pl8UM5+4kVFYwOXVpUKgaM0GvGMGCaZPJTZpNsbpNkKMkt38v08P4hkrfwu9cQaJ5Puz9HUYW3IMmoI4WKQVTxuCufmy86oDlQBzuGSLiK1YCiMm5XhpXwTlaksnY/Lslypf080YEJbCf1 IDPCs324+lCshLEzRnjwzfQhoADeea1BT/DKV/5jgcn/cKFvVTBZvPZS1luxkG4ycKk/IehEJoFesUOIMPCDH+DbvB4ukl50YWJYetNj9E8//5HQnHbxL84957+h4Hd22eCVei7diIPbEkfggTsR QoKjEF3Elvibfkuvke/LjtnUrWc+8FBtIbn4Bm6KjzQ==</latexit>
k = 0
<latexit sha1_base64="8ZcPNoTOgsWEFutkC7sTthcxA5I=">AAACGHicZVDLSgM xFM34tr6qLt0Ei+CilBkVdCOIblxWsFpoi2Ru79jQPIYkI5Sh3+BW/Rp34tadPyNm2i6sPZDkcO69ycmJU8GtC8PvYG5+YXFpeWW1tLa+sblV3t65szozgA3QQptmzCwKrrDhu BPYTA0yGQu8j/tXRf3+CY3lWt26QYodyR4VTzgw56VGn57T8KFcCWvhCHSWRBNSIRPUH8o/7a6GTKJyIJi1rShMXSePte4PS+3MYsqgzx6x5aliEm0nHzkd0gOvdGmijV/K0ZH 6dyJn0hYVW/VEMterFpuxyUiwAxkXp+vJKrMgGUw9l4NA/1dM/plwyVkn5yrNHCoYe0gyQZ2mRSK0yw2CEwNPGBjuOFDoMcPA+dym72cKUAxLPrDofzyz5O6oFh3XwpuTysXl JLoVskf2ySGJyCm5INekThoECCfP5IW8Bm/Be/ARfI5b54LJzC6ZQvD1C9hroJs=</latexit>
Figure 15: Sketch of string behavior in black hole spacetime for different horizon structures:
For each case the shaded region is the inside of the horizon. The horizontal direction is the
radial direction r and the vertical direction is θ. The right edge or the outer edge is the AdS
boundary for each case. The dotted line which starts with θ = 0 is the only case where the
string can penetrates the horizon. The dashed line starts with θ 6= 0 and such a string does
not enter the horizon. Left: For spherical case (S) the region of θ is 0 ≤ θ ≤ pi. Middle: For
hyperbolic case (H) the region of θ is 0 ≤ θ. Right: For Toroidal case (T) the region of θ is
0 ≤ θ ≤ 1 and the top side and the bottom side are identified.
rate of computation the system may satisfy “Lloyd bound,” [161, 162, 163]:
dS
dt
≤ 2
pi~
(M − ΩJ), (73)
where Ω is the angular velocity and J is the angular momentum. On the lefthand
side of (73), S is the total action which now consists of S = Sbulk + SNG, where Sbulk
includes the Einstein-Hilbert term and the some boundary terms. On the righthand
side of the inequality (73) M is the total mass or energy of the system. In our case,
not only the black hole mass, we have to take into account the mass of the string.
However, the string stretches towards the infinity of the space and it has the infinite
length. Therefore in our calculation this inequality is automatically satisfied.
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